THEORETICA CHIMICA ACTA
Theoret. Chim. Acta (Berl.) 64, 339-369 (1984) © Springer-Verlag 1984

On the theory of radiative transitions in
centrosymmetric complexes
A symmetry adapted crystal field approach
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The theory of radiative transitions, in centrosymmetric complexes, is examined
in great detail, within the framework of the crystal field method.

In connection with radiative transitions, the current method of calculations,
with and without invoking closure approximation, are considered from a
purely theoretical point of view, by taking advantage of the irreducible tensor
method put forward by Griffith.

Explicit equations are derived throughout the course of this work to account
for the vibronic electric dipole moments, associated with d —d and f —f type
of excitations.
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1. Introduction

The general theory of radiative transitions, in molecular systems with spectro-
scopic interest, has been the subject of many research works during the last two
decades.

Electric dipole transition moments for both centrosymmetric and non centrosym-
metric complexes, have been evaluated by using:

I) A crystal field formulism [1-11], II) A dynamic coupling scheme [11-19], and
also III) A combined crystal field and dynamic coupling mechanism [15, 16].
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Here we shall concentrate on the evaluation of transition dipole moments, in the
case of centrosymmetric complexes, by employing a vibronic crystal field model.
We shall introduce a symmetry adapted approach in order to deal with d —d and
f—f type of excitations. We shall focus our attention on the explicit evaluation
of both: total dipole strength and relative vibronic intensity distribution associated
with each of the vibronic origins.

2. Method of calculation

The current methods of calculations, with and without invoking closure approxi-
mation for the wavefunctions, shall be formulated by taking advantage of the
irreducible tensor method put forward by Griffith [20, 21].

In particular, and for the case of centrosymmetric inorganic complexes, there
are several calculations in the literature dealing with the actual evaluation of the
associated vibronic electric dipole transition moments [1-6, 9, 11, 14]. In all of
these, the ligand systems have been regarded either as point charges or point
dipoles.

This vibronic crystal field method, has also been extended to centrosymmetric
inorganic complexes, having polyatomic ligands, such as amino groups[11]. There
is, an alternative method of calculation, due to Mason [17-19] and Richardson
[12, 13, 16], the so-called ‘vibronic ligand polarization scheme, which assumes
ligand dipoles induced by the radiation field, which then induce electric multipoles
on the metal ion. It is worth mentioning at this point that the Faulkner-Richardson
intensity model, in the case of lanthanide complexes, includes both the ligand
point-charge and ligand polarization effects [12, 13, 16]. Both the vibronic crystal
field and the vibronic ligand polarization methods are complementary to one
another, and therefore the total dipole strength associated with a particular
electronic excitation, should be computed by summing up: the crystal field, the
ligand polarization and the interference terms, derived from this type of combined
vibronic crystal field and dynamic coupling mechanisms.

The relative importance of these contributions has been pointed out by Richard-
son [16] in the case of lanthanide complexes. In the case of centrosymmetric
inorganic complexes, we have also considered the dependence of the relative
vibronic intensity distribution on the choice of the force field [15].

Within the framework of the vibronic crystal field method, two schemes of
calculations have been proposed in the literature, namely the vibronic crystal
field method of Liehr and Ballhausen [1, 9] and the vibronic crystal field method
of Koide and Pryce 2, 3].

The vibronic approach of Liehr and Ballhausen [1, 9] starts from the assumption
that, for a centrosymmetric inorganic compound, a d — d type of excitation takes
place by borrowing intensity from a d—p parity allowed excitation through
cooperation of the odd vibrational coordinates of the molecular system in
question.
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Following the same argument, one might argue that a parity forbidden f—f type
of excitation in a centrosymmetric complex could borrow intensity from a d—f
electronic excitation through cooperation of the ungerade vibrational motions
of the complex.

In this scheme, the intermediate electronic states should have parity other than
the terminal states of the electronic transition.

The method of Koide and Pryce, on the other hand, makes use of the closure
properties of the wavefunctions. They assume, that all the intermediate electronic
states which contribute to the transition dipole moment, occur at the same energy
E and form a complete set of orthonormal functions. When this assumption is
adopted, the nature of these states become totally irrelevant to the evaluation
of the transition dipole moments, except on the choice of an effective energy gap.

Here we shall present a symmetry adapted formulism to evaluate the correspond-
ing transition dipole moments, associated with parity forbidden electronic transi-
tions in centrosymmetric complexes, by using the irreducible tensor method of
Griffith [20, 21].

This approach offers several advantages, because the derivation of general for-
mulae to express the total transition dipole moment associated with a vibronically
allowed excitation, can be reduced to:

i) The evaluation of reduced matrix elements, involving the vibronic operators
(aV/aS%)o, where V is the symmetry adapted form of the Coulombic interaction
potential. S%, stands for the yth component of a symmetry coordinates S which
transforms under the cth irreducible representation of the molecular point group,
and to

ii) The choice of the vibrational force field, in order to obtain a representative
set of normal coordinates for the system.

Let us consider next in some detail, both the Liehr and Ballhausen and the Koide
and Pryce’s methods of calculation, to deal with radiative transitions.

3. The Koide and Pryce method

It can be shown that in most general terms, the a-vector component of the
transition dipole moment associated with the |I';y;/) = |I'»y,[) excitation may be
written as follows [2, 3, 6, 11]

AE

where W7, (k) =(8V/3Q% (k)), is the vibronic operator, and k, j and I are
repeated representation labels. AE is some sort of effective energy, corresponding
to the energy gap of a spin and parity allowed excitation. Q' (k) stands for the
vth-component of a normal coordinate Q which transforms under the I'th-
irreducible representation of the point molecular group.

. 2 .
,u,”(Fl‘yl]—>F2‘yzl)=( ) er<F171]|Wl;(k)/-l«?IFz‘yzl)Ql;(k) (1)
>Ys
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The tensorial product operator W% (k)ul: may be decomposed further on, by
means of the relationship [21-23]
. (T T, T
Wi = £ Aoy (D T T onw, @
T,y Yy a v
The above identity holds for all those cases in which the direct product I'x T} is

simple reducible. By combining Egs. (1) and (2), we obtain the symmetry adapted
form for the a-vector component of the transition dipole moment.

#a(r171f‘>F2721)
2
== A1) +y (D) + 47
(AE>F-§,“§,,- M)(-1) +y" (-1 +v;
r 1, T r, r, T , =
v(; D v Dot miirnofm. 3)
Yy a vy Y Y2 VY

Note that the labels i, j and ! may be dropped, when the direct product I'; XT',
is simply reducible.

Next, by assuming that the potential energy surfaces of the two terminal electronic
states of the electronic transition have the same shape and are only vertically
displaced to one another, we may evaluate the total dipole strength corresponding
to the excitation as follows:

Doy (T1v1), 0> T2y2, 1) =% (Ol w*(Tyy1j > F2?’2l)|1>|2 (4)
where the harmonic oscillator approximation for the vibrational wavefunctions
has been employed [24-26].

It can be seen from Eq. (3) that the actual evaluation of the total transition
dipole moment depends ultimately on the evaluation of both: The
(T'1j||O"(k)||T11); reduced matrix elements and on the choice of a representative
vibrational force field for the molecule.

Consider next, the evaluation of these relevant reduced matrix elements. To do
so, write the O (k) tensor operators as follows (21-23).

. r nn T -
o5 =1L v(s T L) wioun 5)
¥ Yy a Y
where the vector components of the first rank tensor operator u.* are defined
by following Griffith’s Table A-19 [20] as given below:
,u,_ﬁ =Diy, po' = D, ,U«_]:i =Dl (6)

and the D{ tensor operators are given by: DY =—er*C%, where the C¥ are the
standard Racah’s tensor operators [11, 14, 15, 27]. Next, let us consider in some
detail the actual evaluation of the vibronic operators W; (k).

Here we may write the identity (11, 14, 15):
Wi(k)=[0V/9Q5(k)]o= T Ludrrd,s[0V/0S3(D)]o (7)
2 Y.t
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where the L; are the matrix elements of the so called L-matrix, which relates
the symetry and the normal coordinates of the molecular system, through the
relationship: S = L0Q[24,25].

In our notation, S’ (i) stands for the yth-component of a symmetry coordinate
S which transforms under the I'th-irreducible representation of the molecular
group. Also, i is a repeated representation label.

Furthermore, these symmetry coordinates may be expressed in terms of Cartesian
nuclear displacement coordinates of each nucleus, by means of the relationship
S=B- R [24, 25] so that we may write the identity:

[0V/3S,(D)lo=1

k

[av X, aV aY. aV azk] ®
0

~ sty Tt o
30X, 385 (i) 8Yy aSL(i) 9Z, S5 (i)

where all the relevant derivatives, should be evaluated at the equilibrium nuclear
configuration, Q = Q,.

In connection with the crystal field potential V, this may be written in a symmetry
adapted form, by considering the Coulombic interaction potential between two
non overlapping charge distributions, (M) and (L) and separated at a distance
R;, where R; is identified here with the metal-ligand bond distance {27, 28].

In a symmetry adapted form, we write the crystal field potential, as follows:

V=§ VL=§qLe FZk Gr, (k)M (k). 9)

The above identity represents the interaction potential between a 2' central metal
ion multipole and the ligand point charges. Here g; stands for the nuclear effective
charge on the Lth ligand position.

Also, Gr, (k) stands for the crystal field geometrical factors, and M’ (k)
represents the symmetry adapted form of the central metal ion muitipoles. k is
a repeated representation label. The Coulombic interaction potential between a
2* central metal ion multipoles and ligand dipoles has been reported recently [27].

Here we shall follow Griffith’s convention, see Table A-19 [20], and will define
the central metal ion’s multipoles according to behavior of the kets |JM) under
the symmetry operations of the O-rotation group. Thus for k =2, we define the
symmetry adapted form of the central metal ion, electric quadrupole:

M§ =D}
1
Mf =\/_§(D12 +D32)
M =D?, (10)

1
M;? =\/_?(D12 —~D2)
M =-D2%,.
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To obtain the real components of the central metal ion, electric quadrupole, we
use the transformations given by Griffith in Table A-16 [20]. Griffith listed
octahedral sets of wavefunctions for J =6, and an extension of Griffith’s work
was considered by Golding [29] for J > 6. Observe than in Eqgs. (10), the ket |JM)
of Griffith’s have been replaced by the tensor operators D} =—er*C¥.

For the sake of completeness, in Appendix I we list the octahedral set of
wavefunctions for J =7, a case which is relevant to account for the vibronic
intensity associated with f—f type of excitations, within the framework of the
Koide and Pryce’s method.

Having adopted this convention to define the central metal ion’s multipoles, it
is a straightforward process to obtain the symmetry adapted form of the Coulom-
bic interaction potential corresponding to the electric quadrupole-point charge
interaction. The associated geometrical factors are given in Appendix II. Higher
order interaction terms are also included in this appendix. (The cases we have
considered correspond to the Coulombic interaction, between a 2k central metal
ion’s electric multipole and ligand point charges, for k=1 up to 7).

Having defined, this symmetry adapted form of the crystal field potential V, we
may proceed further on and obtain the explicit form of the vibronic operators,
defined by Eq. (7). Assuming that the transformation $=L- Q is known, the
problem is then reduced to obtain the derivatives of the symmetry adapted form
of the crystal field potential with respect to the symmetry coordinates of the
molecular system. Observe that these derivatives are to be evaluated at the
nuclear equilibrium configuration of the molecular system. This may be achieved
by Combining Egs. (7) and (8).

Next, consider a specific application of this symmetry adapted, crystal field
method, to account for the vibronic intensity associated with d —d and f—f type
of excitations in a centrosymmetric ML compound.

It is well known, that a molecular system of this type has three odd parity
vibrational motions, namely: A #,,(v,) stretching, a #,,,(v,) bending and a t,,(v¢)
bending vibrations. The corresponding odd parity symmetry coordinates are
reported in Refs. [9] and [11], and are given in terms of Cartesian nuclear
displacement coordinates of each nucleus of the molecular system.

We shall denote the set of odd parity symmetry coordinates, as S, where k=3,
4, 6 and t=a, b, c. Thus the vibronic operators, say Vi, =(3V/3Si)e can be
obtained by direct differentiation of the Coulombic interaction potential with
respect to the relevant odd parity symmetry coordinates of the molecular system,
in question.

Thus, assuming that all the ligand systems are equivalent and carry a nuclear
effective charge of g, we may write, in the most general sense, the V. operators
as follows:

Vie=ge ¥ Al (DM, (i) (11)
ovi
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where the AL? (i) are the vibronic crystal field coefficients, defined by means of
the relationship:

0GH, (i) 0X,  9GE, (i) 3Yy , 3GF, (i) g] .
0

Tyey =
A () =2 [ 0X; S, 0Yr 9Su  0Z. 9Su

The vibronic crystal field coefficients, are listed in Appendix III, for I'= T}, T,.
The crystal field geometrical factors, GT, (i) are listed in Appendix II, and the
central metal ion’s multipoles, M, (i) are given by Griffith [20] in Table A-19.
The relevant cases for this kind of calculation correspond to the following values
of J: J=1,3,5,7.

For the irreducible representations I' = Ty, T, Griffith [20] writes the transforma-
tions:
ICX)=+—=(T+1)—|T—1))

J2

1
FY)=+-—=(T+1)+T—-1 13
I'Y) +\/2(I+>+| ) (13)
ITZ)=—ilO)

which relate, the real and complex vector components of these irreducible
representations in the O-rotation group, for J even.

When I'=T and T, and J is odd, the transformations defined by Eq. (13), give
purely imaginary |I'X), T'Y) and |T'Z) vector components.

For the sake of completeness, we list in Appendix IV, the symmetry adapted
complex vector components of the central metal ion, electric multipoles, for
J=1,3,5,7and I'=T, and T>.

These symmetry adapted complex vector components of the central metal-ion
multipoles are consistent, with the crystal field geometrical factors G, (i) in-
formed in Appendix II, as well as with the definition of the crystal field potential
given by Eq. (9).

To illustrate the utility of both Appendixes III and IV, let us find next the vibronic
operators V,, for k=3,4,6 and t=a.

It is a straightforward process to write, from Appendix III and Eq. (11), these
vibronic operators as follows:

Via = qe{(i22)R5*M (T = 1)+ (i4V2) R;M L(J = 3)

+(i6V2)Ry"M 2 (J =5)+ (i8V2)RPMo (J =T)+- - - } (14.1)
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qe{( ~20R:*MZ (I =1)+(3)R;°M L (7 =3)

335
4

1—1?45) RM (T = 5)(

(-
<I3JE

8

+

) Ry M3 (J=5)

+

)R59M‘,‘;1(J =7) +(i§) RSPMI(JT=T)+... } (14.2)

Vi
V6a=qe{ —iV15)R°ME (J = 3)+< ‘/120 )R57Mz (J=5)

6006\ . .
+< 16 ) o"M(J =7)
15V42\
+(—;T)RO9M;T2(J=7)+- . } (14.3)

Next, we replace the explicit forms of the symmetry adapted central metal ion’s
multipoles, given in Appendix IV, and obtain the final form of the vibronic
operators Vy, for k=3, 4, 6 as given below:

1
Vi, = J—qu{4zw+sz3o+12250+16270+- -} (15.1)
1 15 3V35 3v231 35
V4a =5qe{ 4210"‘6230~ 2 ZSO 2 154+ 4 Z"74+ 4 Z70+' M }

(15.2)

V6006 e 15v42

1 — —_—
V6a=5qe{~2\/152’32+~/105Z§z——8—— 6=

—Z0+ } (15.3)
where:

1
Ly = RE”H)T(—D% +D.,,)=R;""?B.,,
2

Z,, = Rg“”)\/%(pi,, +DL,)=R;"?BL,, (16)

ZIO=R6(1+2)DI ___R(l+2)Bl

where the D!, = —er ‘el are the standard Garstang’ tensor operators, and the
tensor operators B',,, and B} are defined by Eq. (16).

To obtain the vibronic operators V,, for k=3, 4, 6 and t=>5, ¢, we can either
follow the same method as described earlier on, or perform three fold rotations
C3(X~>Z->Y~>X)and/or C;(X~>Y - Z- X) on the vibronic operators V,,
Vi and Vi, respectively (11).

Having obtained these vibronic operators V,, we can now proceed further on
and evaluate, within the framework of the Koide and Pryce’s method, all the
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non zero reduced matrix elements, relevant to the d—d and f—f type of
excitations, see Eq. (3). To do so, we need to form the irreducible tensor operators
Ol;(k) given by Eq. (5).

Thus, by employing the V-coefficients of Griffith [21], we can easily find the
symmetry adapted ITO given by Eq. (5).

For example, the Z™ component of the T, irreducible representation give rises
to three operators, each of them associated with a particular ungerade symmetry
coordinate, of the ML¢-octahedral complex.

Thus, we find;
T, _‘i X _ Y
Oz (3) = —(V3bl~" Vit )
V2
1
OZ(#) =—=(Vaop™ = Vieu™) (17)
J2
-1
07 (6) =\/_E(V6CMY + V™)

and, in the same way, we may find the other relevant irreducible tensor operators.

The vector components x*, ¥ and u? of the electric dipole moment are chosen
as given below (11, 27).

1
wX =B =E(—D-1+—1 +DL))
. i
IJ'Y=IBI—1 =E(D‘1Fl +D11) (18)
w?=B§=Dj.

At this stage, it is important to observe that the symmetry adapted tensor
operators O (k), defined by Eq. (5) can ultimately be expressed as linear
combinations of product operators of the form: BimBq, B’_mB; and B(',B},, for
[=1,3,5, 7and g=0, +1.

These product of operators can be simplified further on, and expressed as linear
combinations of operators of the form *r*"' CY, where the C¥ have been defined
in the text and correspond to the standard Racah’s tensor operators.

Having worked out all these products, we can construct the vibronic crystal field
operators, defined by Eq. (5) for T=A,, A,, E, T;, T, and k=3, 4, 6. In the
case of a ML cluster in O, symmetry, we list the explicit form of these operators
in Appendix V. Observe that a ligand-point charge model has been adopted
throughout the course of this work.

Finally, we have evaluated all those non vanishing reduced matrix elements
relevant to the evaluation of transition dipole moments, associated with d—d



348 R. Acevedo et al.

and f—f type of excitations in the case of a octahedral ML complex ion. We
list them in Appendix VI. We have used real set of central metal ion’s wavefunc-
tions to evaluate these reduced matrix elements [32] and the V-coefficients
informed by Griffith [21].

4. The Lieher and Ballhausen method

This method starts from the assumption that a parity forbidden electronic transi-
tion in a centrosymmetric complex borrows its intensity from a parity allowed
excitation through cooperation of the odd vibrational motions of the complex
ion[1, 5,9, 11, 13, 14, 15].

In this approach, the a-vector component of the transition dipole moment

associated with the |I';y;)~|T',y,) excitation may be written as given below
(11, 14)

w(Tyy, >Thy,)
= Z St FZ {IE(FI) E(T; )| 1<F1‘YII thll“mxl"mlu |F272>
+|E(Fz)_E(Fi)|_1<F171|# Iri7i><ri7i|vkr|F272>}- (19)

Here the V,, are the so-called vibronic crystal field operators, as defined by Eq.
(11) and the S, are the odd parity symmetry coordinates of the system. The
intermediate electronic states |T';y;) are supposed to have parity other than the
terminal electronic states |T';y,) and |T',7y,), respectively.

It is customary to assume that E(I';)— E(T';) = E(I';) — E(I';), and therefore to
replace the energy denominators in Eq. (19) by an effective energy gap, say AE
which would correspond to the energy difference associated with the parity
allowed excitation.

Thus Eq. (19) becomes:
/"a(rl ¥1>T272)

AE Z St 2 {<F171}th|Fz‘Yz><F,’Y:|P«a|F2’Yz>

Tivi

+ Tyl Ty Tyl Vial T2 v2)} (20)

Next consider a typical matrix element of Eq. (20) involving the vibronic operators
V.., one of the terminal electronic states and the intermediate states |I";y,).

Let us, then write a general matrix elements as follows:

(al’y 71‘ szlaTi‘Yi>

+ r; r . | AV ’
—ge ¥ (—1)f1+HV(Fi ' I; )Akr(zxarlnM (Mla’T) 21)

T,v.j Y1 i
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where Eq. (11) and the Wigner—Eckart theorem have been employed. The labels
a and o’ denote the nature of the electrons involved in the integral to be evaluated.

For a perfect octahedral ML, cluster, the vibronic crystal field coefficients A ()
are tabulated in Appendix ITI, the V-coefficients have been listed in Refs. [21-23],
so that, the explicit evaluation of the integrals given by Eq. (21) may ultimately
be reduced to the evaluation of the reduced matrix elements (aT';||M"(j)||a'T}).
We have evaluated all the relevant reduced matrix elements in Appendix VII,
involving integrals of the form: (dI';||M"(j)||pT,), for j=1, 3 and
(fT1lIM"(j)||dT), for j=1, 3, 5. In both cases I'=T; and T>.

The simplest case arises, for a d—d type of electronic transition in centrosym-
metric environments. Here, we assume that the d—d excitation borrows its
intensity from a parity allowed d — p excitation through cooperation of the odd
parity normal coordinates of the system. Thus for this particular situation, the
vibronic coupling matrix elements defined by means of Eq. (20) become:

d 1yl Vil | pTr 92

+ I‘Il 1 r r . T,
—ge ¥ (—1>FI+VIV(7+ T 7)Ak7<;><alr1||M (IpT 22)

L) 1 i
where I'; = E, T.
For a 3d—3d electronic transition in a centro symmetric complex ion (O,
symmetry) we follow, Liehr and Ballhausen [1, 9] and truncate the above summa-

tion, so as to include only the 4p-central metal ion’s wavefunctions as the so
called intermediate electronic states.

For this particular case, the vibronic matrix elements defined by Eq. (22) corre-
spond to the vibronic coupling constant of Liehr and Ballhausen [9, 11, 14].

To illustrate the utility of Appendices III, IV and VII, we shall evaluate in
particular d —p and f—d interaction vibronic matrix elements.

i) The vibronic matrix element (dE6| Va,|pT1z) = y5 934
Direct application of Eq. (22) and the appendices, mentioned above leads us to

the identity;

E T, T, o e .
«/%‘Fzsﬁqu( p Zl Zl>{(12\/2)R03<dE||MT‘(]=1)||PT1>

+(i4V2)Ry*(dE||M™(j=3)|| pT)

__ 430 [0 2@}
T s ¢ {R3+7 R: (23)

where: (rk>3d,4p =(R(3d)|r*|R(4p)). R, is identified with the metal-ligand bond
distance.

fT,x

ii) The vibronic matrix element (fTx| Veo|dT2y) = v 47 .-
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Once again, the direct application of our Appendices and Eq. (21) allows us to
write the identity:

. T, T, T . _ .
yz'%y,sﬁqu(; ; ;){(—zJE)Rﬂlel|MT2(1=3>||dT2>

Ji0s
+(F52) Re” (TIIM= 91Ty

=\/_1qu2{@+3_5 <_r_5_>} (24)

42 R; 11 R]

where (rk),,f_(,,ﬂ)d =(R|nf||r*|R(|n+1|d)), and R, is identified with the metal—
ligand bond distance.

In the case of a nd - nd vibronically allowed electronic transition, explicit evalu-
ation of both the total oscillator strength and relative vibronic intensity distribu-
tion have been carried out [1, 5,9, 11, 14] and a fair agreement with experiment
has been achieved.

With regards to nf — nf electronic transitions, several calculations can be found
in the literature [7, 8, 12, 13, 16-19]. In all of these, the crystal component has
been evaluated by using a closure procedure for the central metal-ion’s wavefunc-
tions. As it has been pointed out, earlier on in the text, when this approach is
adopted the nature of the intermediate electronic states becomes totally irrelevant
to the evaluation of the transition dipole moment, except on the choice of the
so-called effective energy gap, AE, although, in the Faulker-Richardson model
intensity for the lanthanide complexes, the closure procedure is employed in the
static coupling calculations, but special attention is paid to the nature of the
intermediate states (5d versus ng). This follows from Judd’s treatment of 4f —4f
electric dipoles intensities [7, 12, 13]. On the other hand in the Liehr and
Ballhausen’s approach the intermediate electronic states |T;y;), see Eq. (20) are
considered explicitly in the calculation of the transition dipole moment,

In principle, the summation in Eq. (20) should be carried out over all those states
with parity other than the terminal electronic states involved in the transition.
In this work, we have truncated the above mentioned summation so as to include
only (n+1)d electronic states of the central ion. Some f—d energy gaps have
been measured and reported in literature [33-35].

Once the vibronic matrix elements, defined by Eq. (21) are known, the next step
in the calculation is to replace the symmetry coordinates Sy, by the normal
coordinates Q,, of the molecular system, in question. This procedure has already
been discussed in the text in connection with the Koide and Pryce’s method of
calculation. Finally, it can easily be shown that the total oscillator strength, shall
also depend on the explicit value of the oscillator strength associated with the
parity allowed nf > (n+1)d electronic transition [1, 5, 11, 14].
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5. Appendix I

Symmetry adapted octahedral wavefunctions (J = 7)

Asay) = J_(|76> 17— 6>)+@(|72>—|7 2)

|8y =——(174)~|7—4)

V2
|E8>=£( |76)+17— 6))+£(|72>—l7 2))
|“T11>——£l7 7)+£l7 3>—£|71) —|75)
I“T10>=%(I74>+I7—4>)
I“T1—1>‘—£|77> £|73>—£|7 1>+—|7 5)
le11>__¢_429|7 7>——J21|7 3>—§—J—7|71>—J———231175>
[°T,0) =|70)
l"Tl—1>=—J429|77> 3J_|73>—5‘/—7|7 1>—@|7 5)
3143 J429 5J13
“aT1)y=— 73 73 7-1 7-5
| ) f' )+ 32J2| Y+ 32J_| Y+ fl )
1
“T,0)=—=(]76)+|7—6
I ) «/20 Y+ M
J7 3143 J429 5/13
)= ——|7— —3)+ 71 75
| ) le n- 3f' o 32«/5' )+32J5| )
J1001 15v3 J11
br1y=— 77 —|73 =|7-1)+ 7-5
|”T,1) [' >+32\/I >+32\/2| >+ \/I )
, 1
L0y =—(|72)+|7—2
|°T»0) Ji(l Y+ )
J1001 15V3 J11
T, 1y=— 7-3 2|71 =|75
"D J_w n 32J2| >+32J| A 2J2[ )
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6. Appendix II
Crystal field geometrical factors (point charge approximation)

To utilize the tables, observe that Aiq = (C;c + qu YR¥™Y and A = CERTFY,
where the C% stands for the standard Racah’s tensor operators.

Table 1. Dipole-point charge interaction

Gt | AL, Al AL
X | 0 0 -
V2
ny | L 0
V2
T,Z | © i 0

Table 2. Electron quadrupole-point charge interaction

Gk, | A% Az, Az Ay, Ay
E L 0 0 0
. _1
V2
E6 0 0 1 0 0
i
X | 0 = 0 0 0
g 2
LY | 0 0 0 ! 0
, 1
2
i
Z | 0 0 0 0 ~
2 V2

Table 3. Electric octapole—point charge interaction

Grf, Al AL, Al Ad A3 A, A2y
1
Aa, | 0 0 0 0 0 +ﬁ 0
T, X 0 0 0 0 i3 0 +ig
! 4 4
J5 J3
T,Y - 0 - 0 0 0 0
4 4
T.Z 0 0 0 —i 0 0 0
T,X 0 0 0 0 W5 0 i3
2 4 4
J3 Js
T,Y == 0 s 0 0 0 0
4 4
i
T,Z 0 - 0 0 0 0 0
: 2
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Table 4. Electric hexadecapole—point charge interaction
Gt, Al, Al AL, Al Ad A%, Al A%, Af,
J5 J7
Aja, | ——= 0 0 -— 0 0 0 0
26 2/3
Js
Eeo —ﬁ 0 0 0 +—= 0 0 0 0
N3 2/3
1
Ee 0 0 = 0 0 0 0 0 0
V2
i W7
T, X 0 +- 0 +— 0 0 0 0 0
4 4 _
T,Y 0 0 0 0 0 +ﬁ 0 —l 0
! 4 4 .
1
T,Z 0 0 0 0 0 0 0 0 +—
- V2
7
X | 0 B +2 0 0 0 0 0
4 4
.Y 0 0 0 0 0 ! 0 ﬁ 0
2 4 4
i
T,Z 0 0 0 0 0 0 +— 0 0
V2
Table 5. 2° multipole-point charge interaction
GE, | A%y AL, AL Al AL A3 A% A%, Ah AL, Al
1
Ef 0 0 0 0 0 0 0 0 0 += 0
V2
Ee 0 0 0 0 0 0 0 L 0 0
)
30 i35 i3V7
a,X| 0 0 0 0 0 0 +— 0 -— 0 +—
16 16 16
37 V35 V30
T,Y | +— == 0 +— 0 0 0 0 0 0
16 16 16
“T,Z| 0 0 0 0 0 —i 0 0 0 0 0
. W42 9i s
T.X| 0 0 0 0 0 0 +— 0 +— 0 —
16 16 16
. 5 9 Ja2
T,Y | +— 0 -— 0 +— 0 0 0 0 0 0
16 16 16
T.Z | o L 0 0 0 0 0 0 0 0 0
V2
14 W3 W15
X | 0 0 0 0 0 0 +— -—= 0 -—
8 8 8
15 V3 Via
LY | +— 0 - 0 -— 0 0 0 0 0 0
8 8
i
T,Z | 0 0 0 -— 0 0 0 0 0 0 0
’ A
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e oep @M
M M
0 0 0 0 0 0 0 gv_ 0 0 0 gr_ |
st Iy
(x4 14
0 0 0 0 ] 0 ye_ 0 0 —— 0 0 6
Lp I
a4 M
0 0 0 0 0 0 0 gr_ 0 0 0 h+ oy
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7. Appendix III

R. Acevedo et al.

Vibronic crystal field coefficients for I'=T,,, T5, and J=1, 3, 5, 7, in units of
R;Y*?. Here, R, is identified with the metal-ligand, bond distance.

J 71u(v3) 7. (v4) T2u{Vs)
T,, X T, X
1 As.=i2V2 A =—i2 0
T,Y T,Y
Asp=i2V2 Ay =—i2 0
T,.Z T.,Z
As,=i2V2 Ay =—i2 0
T,X T, X T, X
3 As = id2 A, =i3 Ago=—iV15
T, Y T, Y T,,Y
Agp=idV2 Ay =i3 Agp=—iV15
TI,Z T1,Z T2’Z —
As, = id2 Ay =i3 Aga=—iV15
a1, X T, X T,, X
15 105
5 Az =i6V2 Age=—i— 6e =I5
4 2
T, Y T,Y T,,Y
) 15 V105
Agp=i6V2 Ayp=—i— Agy = i——=
4 2
T, Z T,Z T..Z
s 15 V105
Ay, =162 Ay =—i— P
4 2
5T, X
335
ac = "1
4
T,Y _
335
==
4b 4
T,Z
335
=~
da 4
L, X “T, X “Tp, X
a3 3J231 V6006
7 Az =i8V2 Ay =1 P 6c= 1t 16
br, Y T,Y T, Y
A —isl3 _.3V231 __ /6006
3p =1 ap =1 3 6b 16
.z T,Z T,,Z
3J231 /6006
As,=i8V2 sa =i 6a =1
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J T1.(73) 7'1u(V4) Tzu(Vs)
bT, X Ty X
35 15V42
Ay =i— e =—i———
8 16
T, Y T, Y
Ay =i 6b__i15~/4—2
8 16
br,Z T, Z
A, =i . __ e
8 “ 16

8. Appendix IV

359

Symmetry adapted complex components of the central metal-ion, electric multi-
poles, for J=1,3,5, 7and I'=T;, T>.

L

k k k
Bi, \/E(ZFDq +DZ,)
B§ =D§
J Central metal-ion, multipoles complex components
1 My =—iBl,
My =+BL,
My =-iB}
J10 J6
3 M3 =—i—~Blti B
J10 J6
MY =-—BL - BL
My =—iB}
J6 V10
M =+i-Bliti— —BYL
J6 V10
M-{;? —7333 +T 3,
MP =-iB3,
. 3J14 70 2V15
5 M =—l—16—'Bi5+l—1—6—B§_3—1 16 B3,
T 3JIZBS V10 2JEBS
Y 16 7 16 16 !
M7 =—iBj}
> V10 92 221
My =—i—B3;~i~—B3;, B,
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J Central metal-ion, multipoles complex components
V10 w2 2/21
MT = +—B’;——B*,+——B>,
16 16 16
M7 =-iB,
V6 27
ML= +ITBiS + I?B_SH - 'TB-SH
V30 N3 27
My =+—B>,-—B%,-——B%,
8 8
ML =—iB°,
. Jot 25 Vi1 3733
7 M =—i 2 B7, iEBZ'S i'ga— 13+i'§—311

Jﬁ7+§7+J_1—i7 3V33

Y =——=B7 BZ Bl,-—=B’
Y 32777 3 3T 32 T
M7 =-iB?,
le__.\/429B, REXTI _’_3\/2137 +i5ﬁB7
X 32 +7 32 +5 32 +3 32 +1
oy V429 o V231 . W21 o S5V7 .
M =———p7 —~—_p7, Bl,->——B7,
32 32 32 32
M =—iB]
V14 5V26 37286 V858
MT=+i—B7_+j Bls+i Bl +i B’
x v 64 7 64 Ot 64 +3 6a 1
o V14 . 5J26 3286 . /858 .
MY =-""p7, +=p7 - B, +——B7,
64 64 64 64
M =—iB’
~2002 ~22 192 15V6
M;FZ =+I_ETBZ7+I_JBZ'5_1 o4 BZ—:&"”TB?H
o N2002 . V22 . 19V2 . 1576
Me=—~"—Zp7 4 "B 4 _Tpg7 4>~"p7
64 64 64 64
ML =—iB7,

9. Appendix V

Symmetry adapted vibronic operators'
The Koide and Pryce Method. A point charge approximation. A ML¢ octahedral
cluster (In units of e)

1

_gé’r*

T pk+1
Ro

The Kets [Ty);_; 46 are given by Griffith [20], in Table A-19, as linear combinations of the kets

|JM). To utilize, Appendix V, we write the identity: |[JM)= C3},, where the C3, are the standard
Racah’s tensor operators
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i) A,-symmetry

276  8J14 15V14
021(3)—7‘)’2 7 ——valA1a1) -4t { |A1a1)5=4
1&/3 28V3
|A1511>J 6}‘)’6 15 78|A1a1>1=6+' e

021(4) — 7%t YalAra1)y-at

2\/_ ﬂ { 15\/7|A1a1>1 4
3 7

14V6
15

1576
t— |A1a1)1 6}‘)’6

A +-
7 78' 181) =6

021(6) =0.

ii) A,-symmetry
022(3)=0
AZz(4)=0

34770 J770

02\22(6)— 2 Yol A282) r=6— 10 —— yslAzax) 6t -

iii) E-symmetry:
43
0f(3)= _T 72|EE>J=2+{

J5
{15 5|E8>J 4 9\/42|E3>J 6} Yo —

J6 3J10
OE(4)=_1272|E5>1 +2{ > |E8>J 2t |E5>J 4}‘}’4

{3J—|E8> 15\/21|E> } 43J21
J=4TF 22 E)y=6( Y6 60

5
15 3‘/30|Es>, 4} e _{21J30

123 85

IE&’)J 2t —— |E5>J 4} Y4

14~/E
15

+

+

Of (6)= {—|E5>J =t
15f

|E8)J =4

23J7
20

|E€>J 6} Yo+ vslE€) st "

iv) T,-symmetry:
435 635 9ﬁ
0z (3)= __'7_‘)’4| TVZ);- 4+{ | TiZ)y—yt 11 |TIZ>J=6} Vs

47

_T 78| T\ Z);-6t"-

78|E8>J=6+ T

———yg|Ee) 6t -
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3J70 3J70 15/14
Ogl (4) =_-1_’)’4| T\ Z) -0t { |T1Z>J at—— |le>1 6} Ye

+{2J514

0z (6)= 0% (4).

‘YS|T12)J et

v) T,-symmetry:
4J§ 83 4J5
O?(:”) = 'Yz'TzZ)J 2+{ |T2Z>J 2t —— |T2Z>J=4} Ya

6«/5 3J210 9\/462
{ ITZZ>J=4 | TZZ>J 6+ 44

IbT2Z>J=6} Ys

«/462
{——I“TZZ)J st—1"T2Z) ;- 6} vt

OL(4) = :{ylezzn 2+{3J6|TZZ>J 2+3J1°|TZZ>, } Y

6V10 21J105 15231
{ T| T,Z);_¢+———|"

+( J105 V231 }y&

T2Z>J=6} Ys

__| 1,Z) ;- 6+_|bTZZ>J =6

576
OL:(6) = {—|T22>, ) 9J10|Tzz>f 4}y4

J105 15v231
+{“—IET22)J 6t 88 IbT2Z>J=6} Yo

J105 V231,
+{_'_| TZZ>J 6 _| Tzz>1 6} yst+

10. Appendix VI

Non-zero vibronic crystal field, reduced matrix elements. Closure procedure.
Point charge model. A ML4 octahedral cluster.

ge*(r®)

RE (In units of e).
0

(V) =

10.1 d—d Excitations
1) A;-symmetry
(dE||0*1 (3)||dE) =v3(5(v2) + 5 va) + 1% ve)
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ii)

(dE[|0*1(4)||dE) = 6(—Hy2) + Hy5)— {¥e)
(dT;|| O™ (3)||dT2) =v2(2(y2) —35(v4) — 1% v6))
<dT2HOA1(4)||dT2> (=2(y2)— 7(‘)’4>+ (76»

A,-symmetry: They all vanish.

iii) E-symmetry:

(dE||OE (3)||dE) =v3(%(y2)+ 3y + 3 ve)
(dE||OF (4)||dE) =V6(— 2 y2)+ ¥ v2) — 13 ve))

<dE||oE<6>||dE>———Q<y6>

(dT,]|OF (3)||dTy) = (= %2 — £ va) + 2 ¥6))
(dTo]|OF ()||dT2) = V2K v2) — K yay =7 ve)

Ve
(dT;||OF (6)||dTy) = (5J6<w> > <y6>)

iv) T;-symmetry:

<dEHO (3)||dT2) ‘/3(21<‘Y4) 11<‘)’6>)
(dE||O™ (4)]|dTy) =6 v4) +T(7e)
(dE||O™(6)||dT;) =(dE||O™(4)[|dT>)
(dT;| O™ (3)||dE) = —(dE|| 0" (3)||dT»)
(dT;||O™(4)||dE) = —(dE||O™(4)||dT)
(dT;)|O™(6)||dE) = —(dE||O™ (6)||dTy).

T,-symmetry:
<dE||O (3)||dT2> (‘7(7’2)“*‘7(')’4)"' <’)’6>)

(dE||O™(4)||dTy) =V 2(Xy2) + &(va) + 3% ¥e))

(dE||O™(6)||dTy) = +15f<y4>

(dT,||0™(3)||dE) = (dE||0™(3)||dT;)
(dT,||O™(4)||dE) = (dE||0™(4)||dT>)
(dT>||0™(6)||dE) = (dE||O™(6)||dT>)
(AT, |0 (3)||dT) =V6(K v2) — 3 720+ 3% v6))
(dT5/|O™(@)||dT) =3 (=K 72— K va) + 3 v6))

363
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10.2. f—f excitations

i) A;-symmetry
(FANO™(3)]1 fA) = V6K 72) —3(v4) — £5ve) + 56 vs)
(fAL O™ (@) A2 =V3(=K y2) — 1 ya) + 1% v6) — $23(ve))
T OMBIFT) =v2(2(wo) + 85 yad + 5 ve) + 53 vs))
(FTIOM@)FT) = (=2(72) + 15 va) — 25(ve) — 153 ve))
ST OMB T2y =V2(2 v — B{ya) — i ve) — 5 va))
(P OM@)|| FT2) = (=2(2) = Al ya) — 25 ¥ + E5(ve)).

ii) A,-symmetry
(FTU1O(6))| FT2) =V 15(25(ve) — 5(¥s))
(FToI|O*(6)| | fTy) ={fT||O*(6)| | T>)

iii) E-symmetry
(THOE BT = (¥v2) + 2 () + 35 ve) + B vs)
(ST OF DI FT) =V2(=(72) + 2 va)— B ) + B2 ve)
(FTOF (O] FT1) =V 6(—r(va) + #( v6) — 25 vs)
(FTUOF B FT2) =5 y2) + B va) — 25 ve) — 135 vs))
(FT1)|OF (4)]1To) = V10(—75(y2) + 2(7a) + $5(7e) — 23 vs))
(fTi|OF (6)]] fTo) =30(—E&(va) — 5Tl ye) + 1 (78))
(FTAOF 3) T2y =~(fTil| O 3| fT2)
(fT,/|OF (4)]| fT1) = —(fT:||O% (4)|| T
(fT3||OF (6)| | fT1) = —(fT:| |OE (6)|| fT>)
(fTIOF T = (— 3% va) — S5(ve) + 13 vs)
(fTRl | OF ()| fTo) =2~ v) — B3(7e) + 3K ve)
(FT||OF (6)| | fT) = V6(—F{ va) + B ve) — 155 7s).

iv) T;-symmetry
(fA OB T2y =V3(~ 3 va) + 15 ve) — 5 vs))
(fANOT (|| T2y =V 6(— 5 y4) — 3 ve) + 5 v8))
(fA2||OT(6)|| fT) = (fA,]| O™ ()| | fT>)
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(FTIOT BT =V 10(—75{ya)+ i ve) + 2 vs))
UTOTD| T2 =v5(— 3 va) — 3 ve) — s (¥8))
(fTI|OT(6)]| fT) = fT3| |OT(4)]| fT)
(T[0T (3)|| fA2) = (fAJ| | OT:(3)||fT)
(fT||OT(4)]| fA) = (fA,]| OT(#)| T
(fTOT(6)]| fAz) = fA,|OT(6)| | fT)
(FTIOT 3Ty =(fT3|OT(3)||fT)
(fTAOT(@)||fTy) = (fT1| O ()| fT)
(fT)| O™ (6)|| fT) = (fT1]||OT(6)| | fT2).

T,-symmetry

(A O™(3)|| fTy) =5 (55(v:) — 2 va) — 5 ve) + 55 v8))
(FALN O™ 1)) =V 10(— 5 y2) — Eo(va) + s ve) — E5(¥s))
(fAL|O™(6)]| T =V10(— 55 va) — 355 v6) + Z( v9))
(fTl|0™(3)]| fA2) = (fAJ| O™ (3)||fTy)
(fT3||O™(4)|| fA2) = (fA,]| O™=(4)|| T})

(fTi[|0™(6)|| fA2) =(fA,||O™(6)|| fT:)

(THO=3)| Ty = 2V6(—15(v2) — 35 y) — 25 (ve) + 13 ve)
(FTUO™(4)]| fT1) =v3(Ey2) — 5(va) + 35 ve) + 3 vs)
(fT,||0™(6)|| T} =§(8<y4>+%<ys>+%6—5<ys»

(T O™(3)|| fTo) =V10(—F&(v2) + & ya) + 55 ve) + 135 vs)
(TOT (DI FT2) =V5(E(v2) + 35 va) + 725 ve) + 5 v8))

Js5
(fTI|O™2(6)|| fT») =ﬁ(“<7’4)+%8‘<76>+%<78>)

(fTo|0™(3)|| fTy) = —(fT3[|O™:(3)| | fT)

(T O™(&)|| fTy) =—(fTi| |0 ™(4)| | fT)
(fT,|0™(6)|| Ty =—( fTil | O(6)| | fT)

(T O™(3)||fT2) = 2V6(—Kv2) +55(va) + 55 ve) — 255 ve))
(TR OT(@)| | fT2) =V3(K y2) + B va) + 5 v6) — 45 v))

V3
<fT2| IOT2(6)| |fT2> =ﬁ(10(‘)’4>"%<7’6>+§7€<‘)’8>)-
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11. Appendix VII

Non zero reduced matrix elements (A Point charge model).
The Liehr and Ballhausen’s Method.
(d—p and f—d, interaction matrix elements) In units of ~e(r’)

11.1. d—p interactions

J=1
25
(dEllMT‘||PT1>=+l—5—
J30
<dT2||MT1HpT1>=+i—5—
J=3 =
95
(dE|IM™1||pTy) = +i—
35
T 3
(dE||M lepT1>=—l-7-
3430
(dT,| !MT'”PT1 =—j—
35
32
<deIIMT2HpT1>=—z—7—.

R. Acevedo et al.

Note: The C’(3m/2m’') coefficients, tabulated by Tanabe, Sugano and Kamimura

[30] are in error.

We have employed the C°(3m/2m’) coefficients tabulated by Condon and

Shortley [36].

11.2. f-d interactions

J=1
V21
<fA2HMT1“dT2>=—l'].“
33
T,|IMT||dE) = +i—
(fTyl| ||dE) +l\/35
32
<fT1||MT’|ldT2)=+i—J§—§‘

21
(fL||M™M||dE)y = —i—~
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~42
(szHMT‘||de>=—lT-
J=3
221
(fAlIM™||dTy) = +i
21
43
Ty |M™||dE) = +i
fTil| [l 335
221
<fT1||MT2||dE>=—l—21—
J70
(fTL||IMM)|dTy) = +i——
70
J42
<fT1||MT2||dT2)=+i_
42
2V21
(fT,|IM™||dE) = +i 1
Ja2
Tl = e e
<fT2||M “de> 142
70
(T [M™||dTy) = —i—.
14
J=5
5J21
“T, =—i
<fA2||M ||dT2> 1231
b J15
(fA;||M T‘Hde>=+i“ﬁ—
] 10v105
1 =4
(fT||M "+ ||dE) = +i 731
V3
(fT1||M™||dE) = +i——
33
e g SVT0
(fT1||M ||dT2> 1154
or 52
1 =4 ]—
(fTy||M "1 ||dTy =
576

T, __ VO
(fT||M ™||dT>) 33
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<fT2HMaT1HdE)=—i5£
<fT2||MbT1HdE>=_i~/1_—11—§
(TlIM TszE>=+,-J1_11_5
<fT2HM“T1||dT2>=+i%‘E
(fTZIIM"T1||dT2>=_i:/§
(fT3/|MT||dTy) = — i%_
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